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Let us represent the solution of the equation of equilibrium in terms of
displacements

1
A+ sV u=0 (1)

where A is the Laplace operator, A is the Hamilton operator [11,VZ =
V V (the operators are multiplied dyadically), v is Poisson’s ratio, and
the dot indicates scalar multiplication in the form

u=0aR -+ 3 (VR)-r -+ vr-(VR) + Sr (V- -R) -+ er? (V2 R) (2)
where a, B, ¥y, 8, ¢ are constants subject to determination, R is an arbi-
trary harmonic vector, r is the radius vector, r2=r.r. In expression
(2), the terms with R and r-(V R) are harmonic and the terms with (VR).r,
r(V:R)and r2(VZR) are biharmonic functions.Substituting (2) into (1),
we obtain the conditions which have to be satisfied by the constants a,

B, vy, 8, ¢:

Y+ 423 —dv)e=0, a4+ (B33 4+ 2723 -5 42— 3)e=0 (3)

Having determined a and y from (3), we obtain the solution of equation
(1) in the form

u=[(4v—3) B+4(l—v) (c=B)]R4B(VR)-r +
+ 12 (4 —3)e—3]r(VR) - r (V-R) + e? (V2-R) (%)

where 3, &, ¢ are now arbitrary constants which can be used to obtain all

the so far known forms of the general solution, as well as a number of
new ones.
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Thus for § = ¢ = 0, 3= — 1 we obtain the Popkovich-Neuber [2,3 ] so-
lution
wy= (3 — 4v) Ry— (TRy)-r (5)
For ¢ = =0, § = — 1 we obtain a solution indicated in papers [4-6 ]:
W=4 (1 —v) Re-b r-(TVRy) — 1 (V-Re) (8}
Fore =~ 1, 8§ = 2(1 - 2v), 8=~ 4(1 ~ v) we obtain a solution indi-

cated in [3 ]:

== 2 (1 — 29) 1 (V-Rs) + 4 (1 — v)[r-(VRs) — (VRs) 1] — r2 72 Rs) (7}

In addition to solutions (5) to (7) we obtain the following alsc from
(4):

for
1 ~ 2(4v—3)
B=0, = FTE 0= —g g
we have
2(4v—3 1
Wim 4 (1 — ) Rt oo (7 Ry g 12 (V2R (8)
for
47T —8vi{1—
e =1, 5 =2 (4v—3), Bz%
we have
4 (7T —8v)}{1 —v) 5 ¢
Ug= ——g 7 (VRs)-T + 2 (& — 3) 1 (V-Rs) + 72 (V2-Rs) )
for
- 1
ﬁ = 0, £ o= Qo= 8v— 17
we have
1
Ue=r-(VRe) + g, = [r (V-Re) + * (V*Ra)] (10
for
e =0, =1, B=1
we have
w;= R+ (VRy)-r 4 r-(VR;) —r(V-R3) (11}
for

e=1, 5=—8(1—v), B=09—8v
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we have
Ug= (9—8V)[R8+ (ng)r] + 21"(ng) —*8('1 -—V) T(V'Rs) -]'7'2 (v2'R 12)

The solutions (8) to (12) are new. Solution (8) differs advantageously
from the Papkovich-Neuber solution by the fact that it does not contain
the gradient of the vector R, and as a consequence, is simpler in its
structure than the latter (in solving a three-dimensional problem in
curvilinear coordinates, it is simpler to find V. R, than VR, and V. R
may be found directly). In solution (9) all the terms are biharmonic func-
tions. Solution (10) is rather simple. In addition to solutions (8) to
(12), there follows from (4) an infinite number of five-term solutions of
the type (12), though with other coefficients. Solutions (8) to (12) will
be called general, because for them V. u# 0, Vx u# 0 (an exception is
represented by solution (11) for which V. u, = 0, Vx uy # 0). In fact,
substituting B, 8, €, corresponding to these solutions, into the express-
ions for the divergence and the rotation of the displacement vector

VUXu=—2(1—22)[(8 +c+73) V-R + 2er- (V?-R)] (13)
IXu=—{4(1—VB+2(1—2)e+ (5—4) 5] UYXR+
+ [2(4v—3) e — 8] r-(\V2XR) + (8 — 2e)(V2-R)Xr (14)

we see that the inequalities (13) are satisfied. A certain variety of
forms of the solution may be obtained also on the basis that the algebraic
sum of any solutions of equation (1) is also a solution of equation (1).

Thus, setting Ré =~ (8v = 1) ste obtain a new solution in the form
Us— Ug 4{1—v) ' _
u=—g —= =— 55— (VR) T+ 1 (V-R)—r-(VR) (15)

It is easy to show that in order to reduce the solution (4) to the form
of the Papkovich-Neuber solution (5), the following conditions must be
satisfied

3= —2(1—2v)¢, (T—8)d 4+ [2(3—4v)2—4 (1 —V)]e=0 (16)
If these conditions are satisfied, solution (4) may be represented in

the form
u={(3—4v)D— (YD)-r (17)

where D is a harmonic factor having the form

2(bv—3)e—9
D= [—B+5—2(4v—3)e] R+ —%“—(f_)i—)-[rwm — (VR)-1] —er (V-R) (18)

From solutions (6) to (12) only solution (7) may be reduced to the
form (17), because its coefficients 8, 8, ¢ satisfy conditions (16). It
should also be noted that the solutions (5) to (12) may be supplemented
by a particular solution of equation (1) (such that V- u_= 0) in the
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formof u=VF+VxT+ r-V? .8, where F is an arbitrary harmonic
scalar function, T and S are arbitrary harmonic vectors. As was shown in
[5,7] there sometimes occurs the necessity to retain in (19) either F or
T and 8, In conclusion we write down the expression for the stress tensor
o, corresponding to the representation of u in the form (4)

o= 2—-(—1%-_;7{[(4\)—2)(5 + B) — (56— 4v) (VR + RV) — Bver- (V% R) L +

+[2 (4 —3) e — 3}[r-(V*R) + (RV?)-1] + (3 + 26)[(V*-R) r +
+ 1 (VER)] + 28 (VPR) -1 + [28 (1—2v) — &v (e + B)H(V -R)L + 2er® (V- R)}

where E is the modulus of elasticity and I is the unit tensor.
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